Abstract: In this paper, waveguide mode conversions in a parallel plate waveguide, rectangular waveguide, and circular waveguide are all demonstrated at terahertz frequencies. Different from the traditional ways to realize mode conversions, an ultracompact design method based on the inner-embedded subwavelength metallic gratings is provided. The principle of the method relies on modulating the phase velocities of spoof surface plasmon polaritons (SSPPs) supported on the gratings to generate π phase difference. Owing to the gradient matching the phase velocities of the waveguide modes and SSPPs, the efficiencies of the mode conversions are considerable. The output mode purities of the both demonstrations are very good. Besides, waveguide bend is also achieved by this method. The work in this paper hopes to establish a universal technique for compact waveguide mode control, especially in the terahertz frequency range.
Introduction
Over the past few decades, a set of classical techniques have been developed for waveguide mode conversions in the microwave or millimeter frequency range [1] - [5] . Even though the principles of these techniques demand no limitations on the operating frequency, the elaborate designs will face big challenges of fabricating when extending the operating frequency to terahertz (THz) frequency range. As we know, the wavelength of THz waves is in the sub-millimeter scale. Under this wavelength range, even the fabricating of conventional waveguides such as rectangular waveguides and circular waveguides becomes expensive. For this reason, parallel plate waveguides and several kinds of spoof surface plasmon polaritons (SSPPs) based waveguides are suggested in the THz frequency range [6] - [10] . Compared with the development of THz waveguides, the development of THz mode convertors advances rather slowly [11] .
In the optical frequency range, several recently proposed methods of achieving mode conversion can be used for reference in the THz frequency range [12] - [15] . For example, an optical mode convertor can be achieved by introducing an optical path difference of π in the two arms of nanowaveguide structures [12] , [13] , or topology optimization can be utilized to achieve TE 0 to TE 1 mode conversion in a photonic crystal waveguide [14] . Besides, high-efficiency and broadband mode conversion is also numerically demonstrated in a parallel plate waveguide by employing the surface-like mode in gradient index metamaterials [16] . However, constructing and fabricating the metamaterials is a big problem. One of ways to generate surface mode at THz frequencies is based on the SSPPs, which are the mimic of surface plasmon polaritons (SPPs) in the optical frequency range [17] . The well-established structures that can generate SSPPs are metallic periodical structures, such as subwavelength metallic gratings [7] , subwavelength corrugated metal wires [8] and metallic films perforated with subwavelength hole arrays [9] . Besides, ultrathin metallic gratings are also demonstrated to support SSPPs, and highly integrated circuits can be designed by using them [18] - [20] .
Various functional devices, such as super-resolution focusing probes [8] , SSPPs couplers [21] and THz wave traps [22] have been realized by manipulating the phase velocity of SSPPs. Before the proposal of the concept of SSPPs, modes in circular corrugated waveguides have been studied [23] . Mode conversion from TE11 mode to TE14 mode is realized assisted by this structure [24] . Because the period of the corrugation is not in the subwavelength scale, the modes in the corrugated waveguide are volume hybrid waveguide modes [25] . In this paper, also by manipulating the phase velocity of SSPPs, we introduce a different mechanism to realize mode conversions in parallel plate waveguides, rectangular waveguides and circular waveguides. The whole structures are very compact and can be fabricated by photoetching [26] . More importantly, considerable efficiencies of mode conversion can be obtained owing to the gradient matching the phase velocities of the waveguide modes and SSPPs. Besides, other mode controls such as waveguide bend can be also realized by this method.
This article is organized as follows: In Section 2, dispersion and analysis of the SSPPs mode are presented. In Section 3, the mechanism of mode conversions is first introduced. Then numerical demonstrations of mode conversions in parallel plate waveguide, rectangular waveguide and circular waveguide are respectively detailed. Finally, discussions and conclusion are presented in Section 4.
SSPPs Mode
Before designing the mode convertors, it is necessary to understand the propagating properties of the SSPPs mode. Here, we discuss the dispersion relation and mode distribution of a subwavelength metallic grating. The schematic of the grating is illustrated in inset of Fig. 1(a) . The period, width, and depth of grooves in thge grating are d, a, and h, respectively. The y-direction length of the grating is assumed to approach infinity when to deduce the dispersion relation. This assumption is reasonable only if the thickness is much larger than the free space wavelength λ. The magnetic fields above the grating (known as region 1) can be expressed as a superposition of all the harmonics in space, known from the Floquet theory [27] . Only the fundamental mode (i.e. TEM mode) exist in the grooves (known as region 2) because a is much smaller than λ. Hence, we have
(1)
in which R n is the coupling coefficient of the nth harmonic, k 0 is the wave number in free space, k 0 = ω/c, ω is the angular frequency;
, k x is the parallel momentum of SSPPs modes, n represents the diffraction order, m is the serial number of the grooves. For TM-polarization, the electric fields can be deduced from i ωε 0 E x = −∂H y /∂z and i ωε 0 E z = ∂H y /∂x. Considering that E x and H y are continuous at the interface of the region 1 and 2, the dispersion relation of the grating is obtained:
When d and h are much smaller than λ, the higher order diffractions can be ignored. Hence, when we plot the dispersion curve, only n = −1, 0, 1 are considered in (1) . The theoretical calculated result (blue solid line) is shown in Fig. 1(a) , corresponding to the grating with the parameters d = 60 μm, a = 30 μm, and h = 140 μm. The red dashed line is the light line. As we can compare, the eigen SSPPs modes are slow wave modes, which indicates that the SSPPs modes exponentially decay in the z direction, hence, the energies of the modes are strongly confined near the interface of the grating.
The phase velocity of the SSPPs modes are defined as v p = ω/k x . We could manipulate v p by modulating the parameters of the grating. One of wise choices is to modulate h. As shown in Fig. 1(b) , k x increases with the increasing of h. h = 0 corresponds to the case of a flat metal surface. For this case, no SSPPs mode can be excited, hence, k x = k 0 . The mode patterns (E x field distribution) for h = 180 μm and 240 μm (the other parameters do not change) are, respectively, illustrated in the inset of Fig. 1(b) . The working frequency f is 0.24 THz. When h increases, v p decreases and the energy of the surface wave becomes more and more confined.
Wavegude Mode Conversions
A schematic of a mode convertor designed for a parallel plate waveguide is shown in Fig. 2 (a). As we can note, the mode convertor is composed by embedding two gratings with parts of gradient grooves in the top and bottom plates. The heights of the grooves in the top and bottom plates are respectively h 1 (x) and h 2 (x), as shown in Fig. 2(b) . Here, the purpose of using the gradient gratings is to realize mode transition between waveguide modes and SSPPs modes. The validity of this method has been experimentally demonstrated recently [21] . The width and the duty ratio of the grooves in the top and bottom plates are equal. Substituting the parameters of the gratings into equation (3), we can obtain the wave-vectors of the SSPPs modes supporting on the top and bottom gratings, i.e., k 1 (x) and k 2 (x) shown in Fig. 2(c) . Then, the wavefront phases of the SSPPs modes can be calculated by
in which θ 0 is the initial phase, l is the length of the gratings l = (N − 1) · d + a, and N is the number of the grooves. When θ 1 − θ 2 = τπ, τ is an odd number, mode conversion will happen inside the waveguide. In the following, we will respectively introduce how to use this method to realize mode conversions in a parallel plate waveguide, rectangular waveguide, and circular waveguide. 
Mode Conversions in Parallel Plate Waveguide
In a particular case, the parameters of the gratings are d = 60 μm and a = 30 μm. The distance between the two metal plates of the parallel plate waveguide is 1 mm. The number of the grooves in each of the two gratings is N = 100. From x = −10d to x = 10d, the heights of the grooves in each of the two gratings are uniform, i.e. h 1 = 229 μm, h 2 = 200 μm. In the linear gradient parts, the steps are respectively δh 1 = 5.75 μm and δh 2 = 5 μm. The working frequency is 0.24 THz. The H y field distributions in Fig. 3 (a) and (b) show the mutual conversion between mode TM0 and TM1 in the parallel plate waveguide. For example, in Fig. 3(a) , the TM0 mode is input from the left port of the waveguide. Assisted by the gradient gratings, TM0 mode is smoothly transformed into SSPPs modes. Because of the nonsynchronous phase velocities of the top and bottom SSPPs modes, the π wavefront phase difference is generated at the end of gratings. Meanwhile, the SSPPs modes are transformed into TM1 mode with the help of the symmetric gradient gratings. To further demonstrate the principle of mode conversions, we also simulate the synchronous case, i.e. h 1 = h 2 = 200 μm.
As shown in Fig. 3(c) , TM1 mode is held in the waveguide because there is no phase difference between the top and bottom SSPPs modes. Fig. 3(d) -(f) present the amplitude distributions of magnetic fields in the cases of TM0 mode to TM1 mode, TM1 mode to TM0 mode and TM1 mode to TM1 mode. We can note that the incident energies are hardly reflected back, which indicates that the mode conversions can be very efficient. In Fig. 3(g) , we monitor the mode transmissions in the case of TM1 mode to TM0 mode corresponding to Fig. 3(b) . In the frequency range of 0.235 THz to 0.245 THz, the percentage of the output TM0 mode (i.e. operating mode) is higher than 80%. Owing to the perfect phase match, the percentage at 0.24 THz is 99.2%. Here, the simulation is done by the commercial software Comsol Multiphysics. The conversion efficiency of this mode convertor is almost perfect at 0.24 THz.
Mode Conversions in Rectangular Waveguide
The same mechanism can be also applied to realize mode conversions in a rectangular waveguide. We first design a mode convertor to bridge the TE10 mode and TE11 mode. The length and width of the rectangular waveguide are l a = 2 mm and l b = 1 mm, respectively. In this case, two metallic gratings are put onto, not embedded into, the top and bottom plates, as shown in Fig. 4(a) . Constrained by the boundaries in the y-direction, the dispersion of the SSPPs mode in a rectangular waveguide is slightly different from the dispersion of the 2-D SSPPs mode in Fig. 1(a) . The process to deduce the dispersion is same as above. The dispersion equation is given as follows:
in which k y = π/l a , l a is the y-direction length of the rectangular waveguide,
In Fig. 4(b) , the dispersion curve is plotted. As we can see, the offset between the two dispersion curves is very small. In the rectangular waveguide, the transverse wave-vector of the SSPPs mode at a given frequency slightly decreases. The parameters of the grating are a = 30 μm, d = 60 μm, and h = 140 μm. The y-direction width of the gratings is equal to l a . In a particular demonstration of the mode conversion, the number of the grooves in each of the two gratings is N = 50. From x = −5d to x = 5d, h 1 = 140 μm and h 2 = 180 μm. In the linear gradient parts, the steps are, respectively, δh 1 = 7 μm and δh 2 = 9 μm. We choose the working frequency to be 0.316 THz. In Fig. 4(c) -(e), the front view, top view, and side views, respectively, of the normalized electric field distributions are presented. From those figures, we can note that the TE10 mode is gradually transformed into TE11 mode with the help of the gratings. In Fig. 4(e) , the side view at position A corresponds to the field map of TE10 mode, the side view at position B corresponds to SSPPs modes with localized energies, the side view at position C corresponds to the field map of TE11 mode. From Fig. 4(f) , we can observe that the energy of the output operating mode, i.e. TE11 mode, is also higher than 99% of the total output energies at 0.316 THz. However, the conversion efficiency of the TE11 mode is 50.12%. Compared with the TM-polarized waveguide mode in the parallel plate waveguide, the existence of the x-component magnetic field in this case is not beneficial for the mode transition from the TE10 mode to the SSPPs mode. Another reason leading to the relative low conversion efficiency may refer to the mismatch of x-direction momentums between the waveguide mode and the SSPPs mode. As shown in Fig. 1(b) , when the height of the grating approaches to be zero, the x-direction momentum of the SSPPs mode is closed to be k 0 , but the x-direction momentum of the waveguide mode in the rectangular waveguide is always smaller than k 0 .
Using this method, we can not only change the normal (i.e. z-direction, perpendicular to the interface of the gratings) mode index but the tangential (y-direction, parallel to the interface of the gratings) mode index as well. To change the tangential mode index, we only need to add the number of gratings on the metal plates. For example, if we want to realize the mode conversion from TE10 mode to TE21 mode, there will be four gratings put onto the top and bottom plates (two on the top plate and the other two on the bottom plate). Theoretically speaking, the case of n gratings on each of the plates corresponds to the mode conversions from TE10 mode to TEn1 mode. The heights of the gratings on the top plate follow by the rule "h 1 h 2 h 1 h 2 h 1 . . .", the heights of the gratings on the bottom plate are opposite, that is "h 2 h 1 h 2 h 1 h 2 . . .". This kind of configuration can generate π phase difference between the SSPPs mode supported on the adjacent gratings, which will eventually result to high order mode conversions.
As shown as an example in Fig. 5 , the mode conversion from TE10 mode to TE21 mode is considered. In this case, h 1 = 145 μm, h 2 = 180 μm. We choose the working frequency to be 0.32 THz. The number of the grooves in each of the two gratings is also N = 50. The steps of gradient gratings are, respectively, δh 1 = 7.25 μm and δh 2 = 9 μm. The width of the gratings is 800 μm. The separated distance between the adjacent gratings is 200 μm. The other parameters are the same as above. In Fig. 5(a)-(c) , the front view, top view and side views of the normalized electric field distributions are respectively presented. In Fig. 5(c) , the side views at position A and position B respectively correspond to the field maps of TE10 mode and TE21 mode. We can note that the TE10 mode is gradually transformed into TE21 mode with the help of the gratings. Fig. 5(d) illustrate the transmission coefficients of the output TE21, TE10, and TM11 modes as a function of frequency. We can observe that the output operating mode, i.e. TE21 mode, is also the dominated mode at the working frequency. The conversion efficiency of the TE21 mode is about 75% at 0.32 THz.
Mode Conversions in Circular Waveguide
Next, we will introduce how to employ this method to realize mode conversions in a circular waveguide (CWG). Here, we only consider axial symmetry modes. Different from the planar gratings used above, an inner embedded annular grating is used here, with the schematic illustrated in Fig. 6(a) . The width and period of the annular grooves are, respectively, a, d. r 1 and r 2 are, respectively, the radiuses of the metal wall and the grooves in the annular grating. To deduce the dispersion relation of this kind of corrugated CWG, the fundamental mode is also dominant in each of the grooves because d is much smaller than the free space wavelength λ.
For TM polarization, fields in the region of r < r 1 (known as region 1 hereinafter) can be expressed by
A n is the coefficient of n-order harmonic, and I i is the i-order (i = 1, 2) first kind modified Bessel function. Fields in the grooves (known as region 2 hereinafter) can be expressed by
where J i and N i are the i-order first and second kind Bessel function, respectively, and m is an integer. By applying the continuity boundary condition at the interface of the region 1 and region 2, the dispersion relation of the corrugated CWG can be deduced, as shown by
In Fig. 6(b) , we plot the dispersion curves of the corrugated CWG. The values of the parameters are a = 30 μm, d = 60 μm, r 1 = 1.26 mm, and r 2 = 1.53 mm. From the curves, we can note that there are not only SSPPs modes but also waveguide modes in the corrugated CWG owing to its angular-closed structure. In the lower frequency range (smaller than 0.16 THz), the egien modes inside the CWG are modified TM01 modes. When the working frequency is bigger than 0.18 THz (as shown in the shaded area of Fig. 6(b) ), both SSPPs modes and modified TM02 mode can be existed in the corrugated CWG. The phase velocities of the modified TM01 and TM02 modes are slightly smaller than the phase velocities of the standard TM01 and TM02 modes in a conventional CWG with the radius being r 2 . That is because the radial wave-vector of the electromagnetic waves inside the grooves is k 0 , which is larger than the radial wave-vectors of standard TM modes. In the left and middle panels of Fig. 6(c) , we respectively present the modified TM02 mode map and the SSPPs mode map at 0.23 THz. In practice, the two modes always exist in the corrugated CWG simultaneously, as shown in the right panel of Fig. 6(c) ; we call it hybrid mode.
The two modes in the hybrid mode propagate independently inside the corrugated CWG, and the phase velocities of the two modes are different. As same as above, we could also try to generate π phase difference between the two modes by choosing appropriate parameters for the purpose of realizing mode conversions in a CWG. The schematic of the mode convertor can be seen from Fig. 6(d) . Here, we also use linear gradient gratings to mitigate the momentums difference between waveguide modes and SSPPs modes. The length and step of the gradient gratings are 10d = 600 μm and 27 μm, respectively. The total number of the grooves is N = 103. Fig. 6(d) presents the simulated result (Hφ field distribution) of the mode conversion from TM02 mode to TM01 mode. Fig. 6(e) is the reciprocal process. The working frequency is 0.25 THz. The efficiency of mode conversion is 50.12%, and the mode purity is 98.76%.
Discussions and Conclusion
Actually, our work demonstrates a universal method for mode control in waveguides. Apart from the mode convertors, the technique can be also used for designing waveguide bend. As illustrated in Fig. 7(a) , we embedded two gratings on the corners of the top and bottom plates. Assisted by the linear gradient gratings, the TM0 mode in the parallel plate waveguide is gradually transformed into the SSPPs modes. Then the confined SSPPs modes can be guided along the bend and transformed into TM0 mode. The working frequency is 0.24 THz. The parameters of the gratings are d = 60 μm, a = 30 μm, h 1 = 215 μm, and h 2 = 195 μm. The numbers of grooves on the top and bottom metal plate are 118 and 92, respectively. The steps of gradient gratings are δh 1 = 6.14 μm, and δh 2 = 5.57 μm. Under these parameters, the wavefront phases at the ends of the gratings are synchronous, therefore no mode conversion happens. When h 1 = 203 μm, h 2 = 199 μm, δh 1 = 5.8 μm, and δh 2 = 5.69 μm, π phase difference is generated between the top and bottom SSPPs modes at the end of the gratings; hence, mode bend and mode conversion from TM0 mode to TM1 mode can be both realized, as shown in Fig. 7(b) . The working frequency is also 0.24 THz. Note that, the efficiency of the mode bend and the mode conversion is larger than 99%. The simulation result of the bending waveguide without the inner gratings is shown in Fig. 7(c) . As we can see, the performances of the inner gratings are obvious.
It should be pointed out that higher order mode conversions can be also expected by obeying the basic principle of our proposed method. For example, if we want to realize the mode conversion between TM01 mode and TMm1 mode in a CWG, we can cave m gradient gratings along the azimuthal direction. In this way, the axisymmetric mode can be split into high order axial mode by producing phase difference between the adjacent groove arrays, but But it will be not easy to restrain the parasitic mode.
The advantages of our method are that, the mode convertors are ultra-compact, the conversion efficiencies are considerable, and the method can be widely applied in different kinds of waveguides. However, limited by the intrinsic working mechanism of SSPPs mode, the working bandwidths of the efficient mode conversions are always narrow. The validities of the mode conversions can be checked by considering the fabrication errors. The conversion efficiencies (transmission coefficients of the target output mode) as a function of the heights of the gratings are shown in Fig. 8 . Fig. 8(a) -(c), respectively, correspond to the mode conversions in Figs. 3(b) , 4(c), and 6(e). We notice that the robustness of the mode conversions is mainly influenced by the transverse wave-vectors of the surface waves. The lower the working frequency is (or the shallower the grooves in the gratings are), the smaller the transverse wave-vector of the surface wave will be. Thus, the mode conversion will have a better tolerance of the fabrication errors.
In conclusion, we have numerically demonstrated a new method for high-efficiency and ultracompact mode conversions in the parallel plate waveguide, rectangular waveguide and circular waveguide. The key principal of realizing mode conversions is based on manipulating the phase velocity of SSPPs modes which are supported on the subwavelength metallic gratings embedded in the inner walls of the waveguides. The reciprocal mode conversions between TM0 mode and TM1 mode in the parallel plate waveguide, TE10 mode and TE11 (or TE21) mode in the rectangular waveguide, and TM01 mode and TM02 mode in the circular waveguide are both verified. We hope our work establishes a universal technique for compact waveguide mode control, especially in the terahertz frequency range.
